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Abstract
We prove a Law of Large Numbers for the absorbed mass of critical super Brownian motion with immigration,

which leads to a constant determined by the immigration measure and the position of barrier.

Introduction
Super Brownian motion have been extensively studied concerning various problems, for example,
Li(1995) discussed the immigration diffusion process of the super Brownian motion with absorp-
tion over (0,∞) and derived a stochastic partial differential equation. Li(1999), Hong and Li(1999)
proved the central limit theorem for the critical super Brownian motion, and the super Brownian mo-
tion with immigration governed by another super Brownian, The limit theorem leads to Gaussian
random fields. Recently, Kyprianou, Murillo and Pérez(2013) studied the distribution of the absorbed
mass at criticality by the backbone decomposition of supercritical super Brownian motion with a bar-
rier, they mainly used the theory in Dynkin(1991), (1993) and the conclusion in Maillard(2011) about
the number of absorbed individuals in supercritical branching Brownianmotion with a barrier.

In this paper, we aim at the absorbed mass of critical super Brownian motion with immigration and
prove a Law of Large Numbers for the absorbed mass.

Model Description
Suppose that X = {Xt : t ≥ 0} is a super-diffusion with motion corresponding to a Brownian motion
ξ = {ξt : t ≥ 0}, and branching mechanism ψ taking the form

ψ(s, x, λ) = −a(s, x)λ + b(s, x)λ2 +

∫
(0,∞)

(e−λu − 1 + λu)η(s, x, du), λ ≥ 0, (1)

where a is a bounded function on [0,∞) ×R, b is a bounded positive function on [0,∞) ×R and η
is a measure concentrated on (0,∞) which satisfies

∫
(0,∞)(u ∧ u

2)η(s, x, du) <∞.
For each t ≥ 0, y > 0, define the time-space domain Dt

y = [0, t)× (−∞, y). According to Dynkin’s
theory of exit measures, it is possible to describe the mass in the superprocess X as it first exits the
domain Dt

y.
The random measure XDt

y
is supported on ∂Dt

y =
(
{t} × [−∞, y)) ∪ ([0, t) × {y}

)
and is charac-

terized by the Laplace functional

Pµ
(
e
−〈f,XDty

〉)
= e−〈v

t,µ〉, (2)

where x < y, f ∈ Cb([0,∞)×R), µ ∈MF ((0,∞)×R) and vt is the unique non-negative solution
for the equation

vt(r, x) + Πr,x

∫ τDty

r
ψ(vt)(s, ξs)ds = Πr,xf (τDt

y
, ξτDty

), (3)

where τDt
y

= inf{t > 0 : (t, ξt) /∈ [0, t) × (−∞, y)}, for every (r, x), Πr,x(ξr = x) = 1. Let
τDy

= inf{t > 0 : ξt /∈ (−∞, y)}, it is easy to know τDt
y

= τDy
∧ t.

In the next sections, we consider the following branching mechanism ψ(s, x, λ) = b(s, x)λ2 and
µ(ds, dx) = 1{s=0}dsm(dx ) + 1{s>0}dsγ(dx ), where m, γ are both finite measure on R with com-
pact support.

Main results

A Law of Large Numbers for One-dimension

Theorem 1. For each f ∈ C+
b ((−∞, y]), 〈f, 1

tXDt
y
〉 convergence in probability to 〈Π0,·f (ξτDy), γ〉

when t→∞.

Remark 1. Actually, 〈Π0,·f (ξτDy), γ〉 = f (y)〈1, γ〉 is a positive finite constant.

The main idea of the Proof: In order to prove the large number law, the order of the first moment
should be estimated and the limit of the second moment should be analyzed.

Based on the above assumptions about ψ and µ, using the Feynman—Kac formula, we can get

Pµ〈f,XDt
y
〉 = 〈Π0,·f (ξτDty

),m〉 +

∫ t

0
〈Πs,·f (ξτDty

), γ〉ds ,

which implies that the order of the absorbed mass is equal to t when t → ∞. Because m, γ are both
finite measure with compact support and f is a bounded function ,

lim
t→∞

Pµ〈f,
1

t
XDt

y
〉 = 〈Π0,·f (ξτDty

), γ〉.

In order to calculate the second moment, we need to calculate I1 and I2, where

I1 = lim
t→∞

1

t2
〈Π0,·

∫ τDty

0
b(s, ξs)ds ,m〉,

I2 = lim
t→∞

1

t2

∫ t

0
〈Πs,·

∫ τDty

s
b(r, ξr)dr , γ〉ds ,

According to the definition of τDt
y
, it is easy to know I1 = 0.

When prove I2 = 0, we use the fact

Π0,x(τDy
< t) =

∫ t

0

y − x√
2πu3

e−
(y−x)2

2u du.

A Law of Large Numbers for High-dimension
We can also consider high-dimension situations, suppose that Y = {Yt : t ≥ 0} is a super diffusion
with motion corresponding to a d dimension Brownian motion B(t) = {B1(t), B2(t), · · ·, Bd(t)},
where d ≥ 2 and branching mechanism ψ also taking the form

ψ(s, x, λ) = b(s, x)λ2, λ ≥ 0,

where b is a bounded positive function on [0,∞)×Rd.
Similarly,we can define the time-space domainGty = [0, t)× (−∞, y)×Rd−1 and the exit measures

process YGt
y

which is characterized by the Laplace functional

Pµ
(
e
−〈f,YGty〉

)
= e−〈u

t,µ〉, (4)

wheref ∈ Cb([0,∞) × Rd), µ ∈ MF ((0,∞) × Rd) is defined as above and ut is the unique non-
negative solution for the equation

ut(r, x) + Πr,x

∫ τGty

r
b(s, B(s))vt

(
s, B(s)

)2
ds = Πr ,x f

(
τG t

y
,B(τG t

y
)
)
, (5)

where x = (x1, x2, ..., xd) ∈ Rd, x1 < y, τGt
y

= inf{t > 0 : (t, B1(t)) /∈ [0, t) × (−∞, y)}. Let
τGy

= inf{t > 0 : B1(t)) /∈ (−∞, y)}. We can understand the above process with the help of the
following figure

Figure 1: High-dimension

Theorem 2. For each f ∈ C+
b ((−∞, y] × Rd−1), 〈f, 1

tYGt
y
〉 convergence in probability to

〈Π0,·f (B(τGy
)), γ〉 when t→∞.

Remark 2. Actually, 〈Π0,·f (B(τGy
)), γ〉 is a positive finite constant determined by the following for-

mula

〈Π0,·f (B(τGy
)), γ〉 =

∫
Rd

∫
Rd−1

f (y, z2, ..., zd)

d∏
i=2

hi(zi)dz2 · · · dzdγ(dx1, ..., dxd), (6)

where hi(z) = y−x1
π[(y−x1)2+(z−xi)2], 2 ≤ i ≤ d .

Further Research
We can also consider the absorbed mass with more general drift for supercritical super Brownian mo-
tion and the total mass conditioned on the extinction time is equal to infinite. Further, we can consider
the limit behavior of the cumulative semigroup of super Brownian motion with a barrier.
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